We compute the topological phase diagram of 2D tetragonal superconductors for the only possible nodeless pairing channels compatible with that crystal symmetry. Subject to a Zeeman field and spin-orbit coupling, we demonstrate that these superconductors show surprising topological features: non-trivial high Chern numbers, massive edge states, and zero-energy modes out of high symmetry points, even though the edge states remain topologically protected. Interestingly, one of these pairing symmetries, d + id, has been proposed to describe materials such as water-intercalated sodium cobaltates, bilayer silicene or highly doped monolayer graphene.
I. INTRODUCTION
Topological phases of matter have acquired a prominent role in condensed matter physics and quantum computation since the most outstanding examples were proposed [1] [2] [3] . Particularly, topological superconductors have gained additional interest since they host Majorana fermions, that could be used as building blocks of future topological quantum computers [4] [5] [6] . The odd superconducting pairing mechanism required to display topological features has not being found in Nature, except for the B phase of superfluid 3 He [7] and probably ruthenates [8] . However, it can be synthesized in different experimental platforms: topological insulators [9, 10] and semiconductors [11] [12] [13] proximity coupled to superconductors, diluted magnetic impurities in superconducting lead [14] , iron-based superconductors [15] , quantum anomalous Hall insulator [16] , etc. These experiments make use of underlying superconductors to eventually observe Majorana fermions. Most of these proposals use conventional superconductors [9, 17, 18] , although there are some for high-T c superconductors [19] [20] [21] [22] as well.
Likewise, describing the more exotic high-T c superconductors has motivated a lot of research since they were experimentally discovered [23] . Shortly after, the resonating valence bond theory came up as the first theoretical proposal to describe these materials [24] . Despite the microscopic origin of high-T c superconductors is still unknown, these materials were shown to present d-wave pairing symmetry, tetragonal crystal symmetry and singlet pairing [25] . The question of understanding what generic properties might be expected of singletpaired tetragonal superconductors gave rise to a systematic symmetry classification of all possible pairing channels [26] .
Singlet pairing in tetragonal superconductors can take the well-known forms of s-wave and d-wave states. However, it is also possible to have alternative singlet pairings which are compatible with the symmetry group of tetragonal crystals D 4h . These pairings might have some interesting implications regarding topological phases and the appearance of Majorana fermions. Of particular interest are the four different mixed nodeless pairings that can be formed by summing 1D irreducible representations of D 4h . One instance of these nodeless pairings is d + id pairing [27] [28] [29] [30] [31] , which has potential applications and has been proposed in materials such as waterintercalated sodium cobaltates, bilayer silicene [31] [32] [33] [34] [35] or highly doped monolayer graphene [36] . Thus, in this paper we wonder about the role of these less-studied nodeless pairing channels in the search for distinct topological phases of matter.
Superconductors have a particularly rich topological behavior in the presence of spin-orbit coupling (SOC) and a Zeeman field. When also considering d-wave superconductors, the presence of nodal lines gives rise to bulk states at zero energy and cause two main undesired effects: (i) The Chern number is ill-defined since the gap closes at the nodal points. (ii) Although the parity of the Chern number is a well-defined topological invariant and Majorana states are topologically protected, these may interact with nodal states in disordered systems [37, 38] . Remarkably, some of the tetragonal pairings previosly mentioned are nodeless. Thus, there are no nearby zero energy modes that may spoil the topological protection of the edge states. Since the gap does not close, the Chern number is well defined and related to the number of edge states via the bulk-edge correspondence [39] [40] [41] .
In this work we analyse the four possible nodeless superconducting pairings (compatible with D 4h symmetry) thoroughly, using the Chern number and the bulk-edge correspondence, finding the following results: (i) Despite the Chern number coincides with the number of edge states, the number of zero-energy modes is not necessarily the same as the Chern number. (ii) Massive edge states can be found for d + id pairing when the upper band Chern number takes non-zero values. (iii) d + id also presents zero energy modes out of the time-reversalinvariant momenta of the Brillouin Zone. This is quite remarkable, since in most cases the zero modes are naturally placed a these highly symmetric points. We explicitly show how the edge states satisfy the bulk-edge correspondence and test their robustness to weak disorder perturbations. Edge states appearing for d + id pairing have been previously observed [27] [28] [29] [30] [31] . However, a detailed construction and explanation of their existence arXiv:1804.00007v1 [cond-mat.supr-con] 30 Mar 2018 was still missing, to best of our knowledge.
The article is organized as follows. In Sec. II we introduce the four different pairings we want to study with tetragonal symmetry D 4h . In Sec. III, we study their induced topological phases. In Sec. IV we compute the topological edge states and zero-energy modes. Sec. V is devoted to conclusions.
II. FORMALISM
In this section, we introduce a Hamiltonian on a square lattice to study the topological phases arising from 2D singlet superconductors with tetragonal D 4h symmetry. The necessary ingredients to have topological behavior are SOC, Zeeman field and superconducting pairing. Concretely, we analyze all possible nodeless pairing compatible with tetragonal symmetry. As it is mentioned in the introduction, nodeless pairings are particularly interesting. The Hamiltonian for these systems reads
We can also calculate the conditions for which the upper
To characterize completely the phase diagram in these systems we need a topological invariant. The topological invariant associated with the different topological phases for 2D superconductors with no time-reversal symmetry is the Chern number [42] . The bulk-edge correspondence relates the Chern number to the number of topological edge states at the boundary of the system [39, 43] . We will numerically compute the Chern number by discretizing the Brillouin zone, using the expression [44, 45] 
where |ψ ki is an eigenvector of the Hamiltonian evaluated at k i , j labels the different cells of the mesh that discretizes the Brillouin zone and i runs over the four vertices of each cell. The expression in Eq. (8) is derived by integrating the Berry curvature over the 2D Brillouin zone. The Berry curvature can be approximated as
δAj Im log i ψ ki ψ ki+1 j at cell j, where δA j is the area of the cell and the value of Im is restricted to the principle branch of the logarithm. This definition yields a quantity which is manifestly gauge invariant. We are interested in the singlet nodeless pairings compatible with point-group symmetry D 4h of a tetragonal superconductor. They are given by the s-wave pairing and by four mixed pairings obtained by combining a real part from a 1D representation of the point group and an imaginary part from another 1D representation [26] . These 1D representations (neglecting higher order terms) are
Combining these representations we get the four possible mixed nodeless pairings
In the following, they will be referred to as s+ig, s+id xy , s + id x 2 −y 2 and d + id respectively. All of them have various properties in common: they break time-reversal symmetry, they are nodeless and consequently they are characterized by the Chern number. Eq. (13) 
III. PHASE DIAGRAMS
This section is devoted to study the properties of the superconducting pairings shown in the previous section using phase diagrams. Each topological phase has a Chern number associated with it. Therefore, the following phase diagrams display the trivial and non-trivial phases which can be found upon varying the parameters of the Hamiltonian. By means of Eq. (8) we compute the topological phase diagrams depicted in Fig. 1 for the four possible pairings, where the total Chern number of the occupied bands, ν Ch = ν (4) and (5) to determine these gap-closing points. In particular, Eq. (5) is only satisfied when |g (k)| = 0, since |∆ (k)| = 0 is not possible for our nodeless pairings (except for the d + id case at k = (0, 0)). The condition |g (k)| = 0 implies that the momentum must be equal to k = (0, 0) , (0, π) , (π, 0) , (π, π), which are the timereversal invariant momenta. These four values for the momentum are then substituted in Eq. (4) yielding four gap-closing equations. Since k = (0, π) and k = (π, 0) yield the same equation we effectively have three independent equations.
In the following, we describe in detail the phase diagram for each nodeless pairing channel. The mixed pairing amplitudes s+ig and s+id xy are analyzed within the same subsection since they are found to be topologically equivalent.
A. s + ig and s + idxy
We consider first the pairing ∆ (k) = ∆ 0 s + i∆ 0 g (sin 2k x sin k y − sin 2k y sin k x ). From Eqs. (4) and (5) we find the three equations where the gap closes, which are given by
The upper gap between the upper and lower bands, For the s + id xy case, ∆ (k) = ∆ 0 s + i∆ 0 dxy sin k x sin k y , we obtain the same gap closing equations that we had for the s + ig case, since ∆ dxy (k) vanishes at k = (0, 0) , (0, π) , (π, 0) , (π, π). This means we can also take ∆ 0 dxy → 0 without closing the gap. In the phase diagram of Fig. 1a we depict the different transition points given by Eqs. (17)- (19) . The Chern number takes values between -2 and 2, which, by means of the bulk-edge correspondence, implies that the system can host up to two edge states.
(cos k x − cos k y ), we can compute the gap clos-ing points as we did for s + ig. We obtain the same equations as we had in Sec. III A (Eqs. (17) and (19)) but instead of Eq. (18) we now obtain
In contrast to s+ig or s+id xy , where neither ∆ , in contrast to s + ig and s + id xy . (4) and (5) one finds the gap-closing conditions
Remarkably in this case, the upper gap between the two particle bands closes, unlike what happens for the other pairing channels. The condition |∆ (k)| = 0 of Eq. (7) implies k = (0, 0) , (π, π). Substituting these values into Eq. (6), (k) = 0, we get µ = ±4t. Therefore the Chern number of the upper band takes non-zero values for −4t < µ < 4t, in particular we have ν + Ch = 2 (the Chern number of the upper band for other pairings was zero). The Chern number of the occupied bands is plotted in Fig. 1c , taking values between 0 and 6, in contrast to what we found in previous cases where we had values between -2 and 2.
IV. EDGE STATES AND SPECTRA
In this section, we investigate the connection between the Chern number and the physics of the edge states, when considering our previous system with open boundary conditions. Therefore, we place our model Hamiltonian on a cylindrical geometry with open boundary conditions in the x-direction and periodic boundary conditions in the y-direction. In this way, k y remains a good quantum number and we can observe the edge states appearing at the boundaries of the cylinder. In Sec. IV A we study the connection between the Chern number, the edge states and the zero-energy modes. In Sec. IV B we show particularly interesting features of the d + id spectrum. 
A. Chern number and zero-energy modes
The bulk-boundary correspondence establishes a relation between the bulk Chern number and the edge states at the boundary of the system. This is given explicitly by the equation [39, 40] 
where N + (N − ) is the number of forward (backward) propagating edge states. The above formula relates the Chern number with the spectral flow, i.e., the difference between the number of edge states connecting the negative energy band with the positive energy band (forward propagating N + ) and the number of edge states going the other way around (backward propagating N − ). In general, we will expect for our model that the number of edge states at one boundary equals the Chern number. One may be tempted to equate the number of edge states to the number of zero-energy modes, since the edge states cross the zero-energy level on their way across the gap. Although this is usually true, we have found some exceptions in the s + ig and d + id cases where one of the edge states crosses the zero-energy level more than once, producing three zero-energy modes. These three zero-energy modes cannot be expected to be topologically robust, since a smooth deformation of the Hamiltonian, such as the introduction of weak disorder, can reduce the number of crossings to one. Thus, only one of the zero-modes can be qualified as topologically robust. A particular example of this can be seen in Fig. 2 for the case of s + ig, where only the crossing at k y = 0 is As a consequence of the bulk-boundary correspondence, the edge states are topologically protected and are robust under weak static disorder. If disorder is weak and respects particle-hole symmetry, the gap does not close and the topological states propagating at the edge of the system remain, since Eq. (24) still holds. This has been tested by introducing weak disorder perturbations to the parameters of the Hamiltonian and diagonalising numerically to obtain the edge states.
B. Edge states in d + id
In this section, we study the d + id pairing channel in detail. One noteworthy characteristic of the d + id spectrum is the presence of zero-energy modes away of the time-reversal invariant momenta k y = 0, π, where they appear for the other pairings considered. This new phenomena occur for regions of the topological phase diagram with ν Ch = 3, 4, 6. We will now explain why this happens for ν Ch = 4 and small Zeeman field (central part of Fig. 1c) , by applying some ideas of bulk-boundary correspondence [46, 47] . In this region we have four edge states with four zero-energy modes at k y = 0, π, even in the absence of Zeeman field or SOC.
We start by considering the d+id pairing without SOC nor Zeeman field. Hamiltonian (1) can be separated in two independent subsystems, H = H ↑ + H ↓ . Thus we have
with
H ↓ can be obtained by turning the spins upside down and yields the same spectrum as H ↑ , i.e., the bands of H are now degenerate. We will now drop the ↑ and ↓ symbols for simplicity. Eq. (26) can be recast into the form
and σ are the Pauli matrices. Since we are interested in the spectrum on a cylindrical geometry with periodic boundary conditions in y-direction and open boundary conditions in x-direction, we will express H as a family of one-dimensional Hamiltonians labeled by k y , i.e., H ky (k x ). Thereby, h ky (k x ) defines a map from the 1D Brillouin zone to a loop in R 3 . Note that the origin of R 3 corresponds to the closing of the gap. It is straightforward to see that the loop defined by h ky (k x ) is an ellipse contained in a plane by reexpressing h ky (k x ) as
where b 1 cos k x and b 2 sin k x span the ellipse on a plane with normal vector n ⊥ = b 1 × b 2 / |b 1 × b 2 | and b 0 shifts the center of the ellipse from the origin. These vectors are given by
The vector b 0 can be devided into two contributions. The first one shifts the ellipse from the origin in direction parallel to the plane containing the loop, b 0 . The other contribution shifts it perpendicularly, b ⊥ 0 . It can be proven that if the loop defined by h ky (k x ) contains the origin, the Hamiltonian (25) has a zeroenergy mode when placed on a chain with open boundary conditions. To show this, we first move the loop to the xy-plane in R 3 by making a simple rotation. This is equivalent to performing a SU(2) transformation to our Nambu basis, d kx = U c kx,↑ , c † −kx,↓ T . Next, we can smoothly deform the loop into a circle without crossing the origin (since this would close the gap). After this smooth deformation, we obtain h ky (k x ) = (cos k x , sin k x , 0). Fourier transforming this Hamiltonian back to real space we find that for an open chain
where we can immediately see
Nx,↑ , and d Nx,↑ do not appear, so that we have zero-energy modes localized at the edges.
One can also prove [46] that even if the loop does not contain the origin, we have edge states with non-zero energy if the projection of the loop in the perpendicular direction, n ⊥ , does contain it. The energy of these edge states is given by the perpendicular distance to the origin E = ±|b 0 · n ⊥ |. For the d + id case we have
This implies the existence of zero-energy modes at cos k y = ± µ 4t , which shows that we have solutions at k y = 0, π.
The results we have obtained are valid for d + id paring without SOC nor Zeeman field. The spectrum for this particular setting can be seen in Fig. 3a . When a small Zeeman field is turned on, H ↑ and H ↓ no longer have the same spectrum and the degeneracy breaks down. One band moves up in energy and the other one moves down doubling the number of Dirac cones. This can be accounted for in Eq. (32) by adding a term ±V . The effect of SOC is rather complicated but it can be roughly described as a horizontal displacement of the bands with respect to one another, that also doubles the number of Dirac cones. Combining the Zeeman field and the SOC, the zero-energy states are placed further apart from each other in momentum space. The final result is four zeroenergy modes away from k y = 0, π, see Fig. 3b . Remarkably, even with no Zeeman field or SOC the Chern number is non-zero and there are are topologically protected edge states. Note that in this case, weak disorder can slightly displace the momentum k y at which the edge states cross the zero-energy level. However, these edge states cannot be smoothly connected to the bulk, since they are topologically robust. Hence, these edge states always cross the zero-energy level and connect two bulk bands, despite the crossing point might be slightly shifted due to disorder, as described in Sec. IV A.
Another interesting feature of the d + id spectrum appears when we have a non-zero Chern number for the upper band. In the region |µ| < 4t we have ν + Ch = 2, and we can observe two massive edge modes in addition to the zero-energy modes that may appear, as can be seen in Fig. 3b . This effect is something unique of the d + id pairing symmetry.
V. CONCLUSIONS
We have studied four 2D tetragonal superconductors with SOC and Zeeman field. The four possible mixed nodeless pairings compatible with the point-group symmetry of tetragonal superconductors have been considered. For these systems we are able to obtain the phase diagrams by numerically computing the Chern number and calculating the gap closing conditions. The phase diagrams for s + ig and s + id xy are found to be equivalent to the s-wave case, since we can continuously deform the Hamiltonian without closing the gap. The d+id pairing channel shows rich behavior, with the Chern number taking values up to 6.
Computing the energy spectra for the different pairing amplitudes, we have found that for certain cases the number of zero-energy modes is higher than the Chern number. These extra zero-energy modes are shown to be topologically unprotected and disappear in the presence of disorder. For the d + id case we have explained why zero-modes appearing at k = 0, π are possible, in contrast to what occurs for other cases, where we have k = 0, π. Finally, we have also seen how massive edge modes appear associated to the non-trivial topology of the upper band. This is proven by calculating the Chern number of the upper band.
Potential applications of anysotropic d + id superconducting pairings have been proposed in materials such as water-intercalated sodium cobaltates, bilayer silicene or FeAs-based superconductors [31] [32] [33] [34] . Interestingly, the ultra-highly doped monolayer graphene [36] was proposed to support d+id superconductivity originated from repulsive electron-electron interactions. This begs the question of whether a similar analysis to the one performed in this paper, but for the corresponding dihedral symmetry group, could shed some light over the recently discovered superconducting twisted bilayer graphene [48] .
